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In this paper we study the g-analogue of the j, Bessel function (see (1))
which results after minor changes from the so-called Exton function studied by
Koornwinder and Swarttow. Our objective is first to establish, using only the
g-Jackson integral and the g-derivative, some properties of this function with proofs
similar to the classical case; second to construct the associated g-Fourier analysis
which will be used in a coming work to construct the g-analogue of the Bessel-
hypergroup.  © 2002 Elsevier Science (USA)

1. INTRODUCTION

The j, Bessel function is defined by
Ju(¥) =271 (a+1) x7°J,(x), (M

where J,(.) is the Bessel function of the first kind and of index «
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For A complex, the function j,(Ax) is the eigenfunction of the second-order
singular differential equation
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u(0)=1,  4'(0)=0. @)
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The Hankel transform is linked to the function j,. During the last years
many authors gave several possible g-analogues of J,; we cite those intro-
duced by Jackson and denoted by M. E. Ismail as J"(x; ¢) and J®(x; q)
and those given by Hahn and Exton and Koornwinder and Swarttow
[16, 21] (following M. E. Ismail the Hahn—Exton g-Bessel functions are
also due to Jackson). In his thesis, Swarttow exploiting the Hahn—Exton
g-Bessel function and using an orthogonality relation involving the g-basic
hypergeometric function studied the g-Bessel transform and its inverse
formula. It is interesting to introduce this last transform in a similar way as
the classical one [22].

In this paper we are concerned with the g-analogue of the j, Bessel
function (1). This choice is motivated in particular by the facilities in
computation without leaving the context of [4, 7, 22, 23].

The reader will notice that the definition (35) derives from that given
in [16] with minor changes. We are not in a situation to claim that the
proofs of the properties of the ¢-j, Bessel function are new but the methods
used here to establish the g-integral representation of Mehler and Sonine
type have a good resemblance with the classical ones. The g-differential
second order difference operator (41) introduced in this paper has the g-j,
Bessel function (35) as an eigenfunction and is a limit case of the Bessel
operator. With the help of the g-integral representation we define the
g-transmutation operator y, , which is the g-analogue to the well-known
Erdelyi-Koober operator. Combining y, , first with the g-even translation
[8] and second with the g-cosine Fourier transform [8] we are able to
define the g-Bessel translation and the g-Bessel transform and to establish
easily some of their properties. Finally we initiate the study of the g-Bessel
heat equation.

2. THE g-j, BESSEL FUNCTION AND PRELIMINARIES

2.1. Preliminaries

We recall some usual notions and notations used in the g-theory; to
deepen the following notions the reader can consult [ 1-3, 10, 17].

Let a and ¢ be real numbers such that 0 < g < 1; the g-shifted factorials
are defined by

(@ =(1-a)(1-aq)---(1—-ag""), k=12, .. Q)
1

_ k=12 .;a#q,q%... 6)
(aq™*; @

(@ q) =
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We recall the following simple formulas

(@; )5, = (a5 4°), (aq; 4°),, (7
o @D [ aY e,
(aa q)n—k - (a_1q1_n; q)n < a) q . (8)

The g-combinatorial coefficients are defined for n and k integers,
0<k<n, by

" (4; 9),
). (@) 9
[k L (@ Duic (G Die” ®)

and it is easy to have

@y =3 m ¢ =a). (10)

k=0
We also denote
(a1, @y, .., @p; @) = (@15 9), (@25 @) -+ (@5 @), (11)
The g-hypergeometric function , ¢, is important in this work; we summarize

here some of its properties (see Koornwinder and Swarttouw [17]).
For w, z € C, the series

Kk=1)
—1)*q 7 (wg"; @) zk

12
(4 D (12

W; Qs 16:1(0; w3 g, 2) = kio (

defines an analytic function in w and z, which is symmetric in these
variables in the following sense

W; Do 161(0; w5 ¢, 2) = (25 @)oo 161(0; 23 ¢, W) (13)
and both sides of the last equation are majorized by
(=2l; Do (=IW]; @ec- (14)

Now for » integer and z complex we have

n(n

o
(g @ 19:(0; 4775 q, 29™);
(15)

@' D 10:1(0;9" 59, 2) =(—2)"¢q
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if we take into account (12), we obtain

(q1+n, q)oo n (_lzl’ —q; q)oo if n > 0
110,44 q,2) |[<S————1 b
oo (% q)oo IZ nI qn(n+ ) lf n < 0
(16)

When we put z = ¢'*%; k € Z, the symmetric relation (13) leads to

1+n.

G Qoo

(=", 4 D= { it k>0
(% 9w (4 9w kg K0

$:1(0; ¢ g, 4" | <
s g g™ if k<0.

The g-derivative D, f of a function f on an open interval is given by

S(x)—f(gx)

d-px x#0 17)

(D, f)(x) =

and (D, f)(0) = f'(0) provided f'(0) exists.

If f is differentiable then (D, f)(x) tends to f'(x) as g—1~. The
following identities can be obtained from (17).

ForaeCandn=0,1, ... we have

DL f(@0)] = a'(D ax), (19)

n . ( D" & Nk n SRk
DLW = o ¥ 0| e e, a9)
DY(f() g = 3, [Z] D3 f(g') Dig(). 0)

The g-Jackson integrals from 0 to a and from 0 to co are defined by

[ 10 dx=t-0a ¥ fa)q e
[[r@dx=0-0% fad" 2)

provided the sums converge absolutely.
Let us denote by S, the set

={q% ke Zz}. (23)
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Forne Z and a e S, we have
o 1 ro
[ raydx=—" fx)d,x 24)
0 q"Jo
“ 1 jar
f flg'x)d,x=— j f(x)d,x. 25)
0 q"Jo
The g-integration by parts is given for suitable functions f and g by
|, 76) Dig() dyx = [f() 815 = | D,(f(g7')) g(x) dx. (26)

Jackson [15] defined the g-analogue of the Gamma function as

(% Do (a

75T '™, 0<g<Lix#0,—-1,-2,.... (27)

I,(x) =

It satisfies the functional equation

I(x +1)_

r(y=1 (28)

and tends to I'(x) when ¢ tends to 17; moreover the g-duplication formula
holds

[,2%) Tp() = (1+)* ™ Tp(x) Tp(x+)). (29)

The g-Beta function is defined by

e (g 9)s
B,(x,y)= L t @ 9. d,t, x>0,y>0, (30)
@™ Do
— 1_ ny. 31
= )Z("”,q)oo Gh
and we have
T T
ﬂq(x’ y) = M (32)

I (x+y)
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2.2. The g-j, Bessel function

We recall the following definition of the g-trigonometric functions

© 1— 2n ©

cos(i ) = Y (—1) e UZDT o S iy gt 33)
n=0 (QS Q)zn n=0
o 1— 2k+1

sin g9 = 3, (1)t g0 U o, (34
k=0 (f] : Q)2k+1

We define the ¢-j, Bessel function by

0 n(n—1) x 2n
(g = Tp(at+1) Y (1) 1 . (35
Sl @) = Lt D) 3, (=) qu(a+n+l)qu(n+l)<1+q> &

= ZO (=1)" b, o(x; 47, (36)

where

Tp(a+1)g"*Y
b, .(x;4*) =b, ,(1; ¢°) x> = - "7
na(X3 47) = by o (15 47) x (+q)" Tx(n+ 1) Tp(atn+1) 7

and

b, _1(x; ¢*) =b,(x; ¢%). (3%)

The g-j, Bessel function j,(x; g*) is defined on R and tends to the j, Bessel
function (1) as g — 1.
By simple computation using (27) and (29) we obtain

Jo12(x;5 ¢%) = cos(x; ¢%), (39)
) sin(x; ¢*
Jials ) = S L), 0)

We introduce the g-Bessel operator

1
Aq,af(x) =WDq[x2a+1qu](q_1x)

20+1

— U, f) 0, f(g ), @41
(1-9) g x
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where
4, f(x) = (D) (g 'x). (42)

PROPOSITION 1. The function j,(Ax; g*), A being complex, is the solution
of the q-problem

45, y(x)+2%y(x) =0 (43)
y)=1,  »y'(0)=0. (44)

The proof is straightforward.

3. ¢-INTEGRAL REPRESENTATIONS

In this section we give two g-integral representations of the ¢-j, Bessel
function (35) involving the g-Jackson integral.

3.1. g-Mehler Type
We introduce and denote by W, the g-binomial function

(x*q% 9%).
Wx(x; qz) = (xz 20+1.

W = 1¢1 (ql_zm’ ) qza x2q2m+l)a (45)

which tends to (1 —x%)*"2asqg—1".

THEOREM 1. For a# —1/2,—1,-3/2, ..., the q— j, Bessel function has
the following g-integral representation of Mehler type

5 ) = (140) € ) [ Wt g?) cos(xts )yt (46)

where W, is given by (45) and

N I'p(a+1)
Clsq) = T,(1/2) T(a+1/2)

(47)

Remark that when ¢ — 1~ and a > —1/2 the formula (46) tends to the
classical Mehler formula

1
(1—1»*"2 cos(xt) dt.
0

= 2D f
Je C/rl(a+1/2)
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Proof. Using the expansion (33) of cos(xt; g?) we turn up to compute
the integral

54D
_I (2 2¢x+1 qz) deqt'

For this end we use the identity
1 1 2 5
fo f(0)dpt= jo f(u?) D d,u

which implies

_I—;Z(x) qu(y)_ 1 2 1([ 2)Oo
ﬁqz('x’ y)—m—(l+q) J‘O t (t2 2y z)wdt
therefore
;o L Lplet /) Tp(k+1/2)

l4¢ Tp(a+k+1)

Finally, the use g-duplication formula (29)

1
(I+q)* ‘F(k+1)F(k+1/2)_( )(q,q)zk(l—q) *Irp(1/2)

leads to the result. The computation is legitimated by the fact that the
series

iqk(k 1)(1 )2k 2%
0 (g; ‘I)zk

converges uniformly on every compact.

CoRrOLLARY 1. Forge S, and 1“1(;( )‘1) € Z we have the estimations

1
(6 g < —>, a>-—1/2. (48)
(% 9%)%
sy l1—¢q |
|D¢1]¢1(xa q )l < 1_q2a+2' (q q2)2 X, x€ Sq: > — 1/2 (49)

The inequality (48) is a consequence of (46) and the fact that cos(x; g2) <
1/(g; ¢*)z (see [8]).
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To prove the second inequality, we note that from (43) we have
D H - 42\ 1 * 200+1 » . 42 d
q]zx(xa q ) - WJ‘O 4 Joc(qta q ) qt
and

x 1—
L t2“+1dqt=1 q 242

20+2
—q

The result follows then by (48).

It is established that the Bessel function and the Gegenbauer polynomials
are linked by the so-called Gegenbauer integral representation (Watson
[24]) which can be rewritten for the Bessel function j, as

Jrven(¥) = Ky 0) [ (1=£2)5712 C3,(1) cos(xt) d, (50)

with

22+1(—1)" (2n)! T'(200) T'(a+2n+1)

2n

K a)=—3 S F(a+1/2) I'2u+2n)

and where C:(¢) is the Gegenbauer polynomial. Owing to the g-Mehler
integral representation (50) we are able to give the g-analogue of the
previous representation.

PROPOSITION 2. The g-j, Bessel function j,,,,(x; q*) has the q-Gegenbauer
integral representation

1 ~
Jurm(x3 ¢*) = K(n, o5 ¢°) L W.(t; ¢*) C5,(t; ¢°) cos(xtq™™; ¢*) d,t,  (51)

with
o (+g)(=1)"Tp(a+2n+1) Ip(20+2n+2)
K(I’l, o q ) =T 5
X qu(1/2) 1—;2(a+2n+1/2) qn 7n1—1qz(2(x+2)
and where
Ci(x; q%) = P21 (x, g*712, g2 1, 1; q), (52)

P®P(x,a,b,c,d;q) being the big g-Jacobi polynomial (see [16]).
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To show (51), we recall the useful properties

@ W (tq5¢*)=0
) D,Ci(xs ) = L C5 (. 47
—q
1 - 20+1__ ,—n+1 -
i) 35y Da W (5.4 Gt 91 =T = — Gl )
where
Dt fny TN =S @) )
(I-q)x

We start by integrating by parts the formula (46). Properties (i) and (iii)
lead, since D, ,(sin(xt; ¢*)) = x cos(xt; ¢°) after the change « by a+1, to

1+¢q Ip(a+2) Ip(2a+4)
x Tp(1/2) Tp(a+1+1/2) 220+ 3)

Jur1(x5 4% =
X fl Ci(t; ¢) W, (t; ¢*) sin(xt; ¢°) d,.
0

By the use of relation (iii) and the fact that C*(0; ¢?) = 0 we find that

(1—q) I'p(a+3) Fq2(2oc+4)
x’Tp(1/2) Tp(a+2+1/2) Ip(2a+2)

joc+2(x; q2) = -

11_q2a+1 . o Fa )
x| —=——D[W.(x 4*) Ci(t; 4)1 dyt,
o l1—gq

that is, the relation (51) for n = 1; the result follows then by induction.

3.2. g-Sonine Type

THEOREM 2. For o> —1/2 and p> 1, the g-j,, Bessel function has the
g-integral representation of Sonine type

PN E) ACETAN)
Jurp(X3 4 I2(1/2) I2(p)

[, w5 0 et ) d (5
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The limit case of the previous formula , as ¢ » 17, is the known Sonine
integral for the j,, , Bessel function

. 2F(oc+p+l) Ui 2p—1 : 2

=——————"| t*T(1=¢t9)* t; dt.
]0(+p(x) F(O(-i— 1) I—v(p) 0 ( ) ](x('x > q )
To prove (54) we replace j,(xt; g*) by its expansion (35) in the integral and
the fact that

U oeszert (P45 47 Tp(atk+1) I(p)
1+, 7 D, T Tkt D)
) © q

The justification of the computation is similar then to Theorem 1.

4. ¢-TRANSMUTATION

We intend to solve the g-integral equation defined on the S, by

(1+9) o3 ) [ Wilts 42) £ (xt) dyt = (), (59)

where C(a; ¢°) is given by (47), f is the unknown function, g a given
suitable function and W, the g-binomial function (45).

When g — 1~ this last equation is reduced to the well known Abel
integral equation.

THEOREM 3. The solution of the q-integral equation (55) is given as
follows

(1) Ifa#k+1/2, keZ we have

) 4,
f(x)= F (ot+1)F2( oc+1/2) [ '[ (tz —2m+1, qz)oO g(xt)t dqt]'
(56)
() Ifa=k+1/2 keZ we have
l—g* 1. T
feo == DN[—DM] (x*+2(x)). (57)
(4 9 X
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Proof. (1) Wa#k+1/2, keZ, we put

(+q) Tp(a+1) 1 (2% q7),,

8) = (/D) Toar 1/2) b G ),

f(xt)d,t.

SO
_(1+9)(1—g)* Tp(at+1)
T2(1/2) Tp(a+1/2)

5 D L WS
50D, (@7 g7,

1 (u2 2. 2)
x [ et M0G0 d,u
J‘O (uzq—2a+1 2)00 g( )
2n+2.

XZ q(2a+1)n (q

2n—2a+1.
o (g

f(an+m) qn+m

provided the double series converges absolutely.
When we make the change k& = n+m the second member becomes

(+9(—g) Tplat) &
T2(1/2) T, (a+1/2) xkgo 7*f(xq") A(a, k)

with
A(a k) _ zk: q(2a+1)n (q2n+2, q2)OO (qzk 2n+2, q2)oo
> = (q2n 2u+1’ qz)oo (qZk 2n+2«+1, q2)m
The g-binomial formula (9) gives that
(q2. q2)2
Ao, k) =— - .
@540 (@5 4D

Since A(a, k) can be rewritten in terms of the g-Gamma function we
deduce the result.

(2) Ifa=k+1/2, ke N, the g-integral equation reduces to

Ao LpetD) (v,

g(x)=1;z(1/2) Ta(a+1/2) )

g% g7 f(xt) d,t

which can be written

we) = ELE [ (¢ i) 10y
(@5 4o x k
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‘We introduce the functions

Fo(t)=f(0)
F.(1) =zf Fo wdu, k=12, ...
0
By k-integrations by parts we obtain
(4 9°)
x8(4X) = o oy | B de.
Hence
(1-9)* 2%+1
Fi(x)= @) D, .[x*"" g(x)]
) k
and then
(1-¢)"
S0 = ()
) k
where we have put 2. =D, [1.].
Now we consider the sets
S,={£45qeZ}u {0}, §,=5,0{0} (58)

where S, is given by (23) and we design by %, , the space of functions
defined in S which are the restriction of the even function with compact
support in S'q. This space is equipped with the topology of uniform
convergence.

For a# —1/2,—-1,-3/2, ... and f € %, ,, we define the g-analogue of
the Kober—Erdelyi transform by

1 @ =Ca ) A [ (L) fendg, 520 (59
Yaa 1O = £(0) (60)

where C(a; ¢%) and W, are given respectively by (47) and (45).
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THEOREM 4. The operator y, , is an isomorphism on 9, , with inverse

given by (56) and Proposition 3. Moreover, it transmutes the g-operator 4, ,
and A, in the following sense:

A‘L“X‘l,q = X“,‘IA‘I' (61)
When ¢ tends to 17, the operator y, , tends to the Kober-Erdelyi operator [12].

Proof. Let f be a function of 9, ,; then there exists g: .§’q — C even and
with compact support such that g(x) = f(x), x € S,. We have

Yo g (S)(X) = Yo, o (8)(X);

therefore if x ¢ supp(g) then y, ,(f)(x) =0, and the g-integral equation

Xoo(f)=h,  heDy,

has a unique solution in Z, .
For x € §, we put

A(x) = (g, o, o (S ) = 2o, 4 (S D(X).

(14+9) C(x ¢%)

We have

A = = [ A=) W15 4%) 4, f(x) dyt

1— 2a+1 1
+— A W) 4,10y .
l—gqg xJo

Integration by parts gives that the first integral of the second member of
this last equality becomes

| a-eyme e Lo, o0 | [ Dra-e w1, en g

Taking account of the fact that

1_q2a+1
D,[(1-t) W (t;4°)] = g 7’
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and D, f(0) = 0, we obtain that the previous quantity is equal to

20+1

l—gq
l—gq

[| a3 W50 6, S (xt) dyt

This gives A(x) =0, x € §,.
To find the g-analogue to the Weyl transform [23], we begin by defining
the g-Jackson integral on (a, o) by

[ rode=["rwde-[ rodr=1-9a L f@ e’ ©

provided the series converges.
For fe 2, ,and a# —1/2, —1,—-3/2, ..., we define the g-transpose of
Xeq DY

q

, _4(+g H P Ip(et 1)
Ko, (S)(X) = I'2(a+1/2)

[ (5 ) 1o mde @
qx
Simple computation leads, for f, g € %, ,, to

(I+¢ )
Tp(a+1/2)

_(+g )"

Jy 2ea )60 800 x4 dyr = [0 ()

PRrOPOSITION 3. The g-transposed operator 'y, , is an isomorphism on
Dy, , moreover,
(1) ifa#tk+i,keZ,anda¢Z_

(14g)*+1/2 Ip(a+1/2)
Tp(oa+1) Ip(—a+1/2) x>+

Aag ()=
XlDZX Uw w._, <f; q2>f(l‘) = dqt]; (64)
X qx t

(2) ifa=k+l,keN

Tp(k+1)

1ad(NE) = ¢ 4 )" s

1 k+1
<DJ> (f(x),  (65)

x
where D is given by (53).

To prove the result we proceed as in Theorem 3 by taking account of the
g-Jackson integral on (a, o).
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5. ¢-BESSEL TRANSLATION AND ¢-BESSEL CONVOLUTION

In the literature many methods are used to establish the generalized
translation associated with the Bessel operator (3); we select the one
deduced by the product formulas [7, 20] and those built with the trans-
mutation operator. In this section we study the g-analogue of these last
methods and we show that they are equivalent.

ProposITION 4. For n=0, 1,2, ..., there exists a sequence U, (n) satisfying

Up(n+1) = ¢ U1 (k) + (g + 4>+ Ue(m) + ¢~ 0,1 (n).  (66)

U,n)=0 if |k|>n. 67)
and
1
Ay f(x) = sz (—1)"*U(n) f(g"x). (68)

Proof We proceed by induction on #.
If n =1, the definition (41) gives

1
A4S ) = g7 i {af (@)= (g+g>*") f(x)+¢*" f(gx)}

il

so the identities are true with U_,(1) = ¢, Uy(1) = g+¢**!, and U,(1) = g**!
Suppose that (66), (67), and (68) hold for », so that

w1 1 i f(g")
42 = ggta £, U v 40 (150)
and
n+1 _ n—k m
A f(x) (l_q)Zn q—ank;n ( 1) Uk( )A < x2n >
Since
flg*x)\ _ 1 [ fg" %) 21 f(q X)
Aq,oc< 2 >_(1_q)2n ) q(q—l ) —(q+q"") ———
2at1 f(qk+1x)]
T g

the result follows.
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Adopting the Cholewinsky terminology [5], the quantities U,(n) are
called the g-binomial coefficients related with the g-Bessel operator (41).
For n and k integers, we put

b= 3 Umz, and $@)=Y Udn)q.

k=-n nz |kl

The relation (10) gives

200
n . q - - nQRu+1—n . —2a, —n
d/n(z) =9 (_Za qz)n <_75 q 2> =4q @t l=m (_Z, qz)n (_Zq > > qz)n z
Using (66), we state
k(k—1)+2n(k ‘ n n 2 k
Uk(n) =q (k—1)+2n(k+a) Z |: :| , |: :| , q* p(n+ +oc‘ (69)
p=0Lpldlnt+k—pla

The functions ¢,(z) satisfy

[1-(g+q>""1 $u(2) = qz[ 11 (¢°2) + %G1 (g °2)].

For f € 9, ,, we define the g-generalized Bessel translation by

Ti(/)(») = z((]q"—”@)z (" T f@"y).  (70)

Remark. If a=—1/2 we have U,(n)=q" "+ "2%q @)on/ (& Dur
(¢ @Qnsr» and T2 f(y) is the g-even translation studied in [8].

Let us now show that the g-generalized translation 7'%, (70), can be
written with the help of the g-transmutation operator.

ProPOSITION 5. Let fe 9, , and T:'? be the g-even translation [8].
Then the g-generalized Bessel translation is related to the gq-transmutation
operator by

T2 f (1) = L g < Xaay T oL 2, (SO, (71)

where x, , and x, lq are given respectively by (59) and Theorem 3.
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Proof. The g-Bessel translation can be rewritten

T ()= % b ) £5.(1))

= io Xa, q,x(bn(x, qz)) AZ’ och, q,y(%a, q,yf)(y);

= Lo x Ko g 520 0n (35 47) A3 5 1))

Taking into account the definition of the g-even translation T;” % (see [8])
the result follows.

We prove the following properties as in [8].

ProrosiTiON 6. (1) The g-translation operator T is a solution of the
following g-hyperbolic problem,

Ay g (X, y) =4, 4, u(x, y) (72)
ux,y)=f(x), fe%s, (73)
D, .u(x, ¥)|x =00 =0. (74)
(2) The following g-product formula holds:
T3, 4°) = ju(x, 4°) ju (¥, 4°)- (75)

For f, g € 9, , we define the g-Bessel convolution by

(g ), 2a41
I, g(X)—m . T f(y)g(y)y=*d,y. (76)
It satisfies
Xoc,q(f *—1/2 g) = sz,q(f) *oc Xoc,q(g)a (77)

where *_, , design the g-even convolution [8].

6. ¢-BESSEL FOURIER TRANSFORM

In the following we suppose l"l(iq_)q) € Z and denote by L,(S,, x**'d,x)

the space of functions f such that [§ |f(x)| x**' d,x < + 0.
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For f e L,(S,, x**'d,x), we define the g-Bessel Fourier transform by

(I+g7 )™ (e

Fod D) =iy o SO ROx )5, des, 09)

We summarize here some of its properties which are easily deduced from
the results shown before.

PrOPOSITION 7. (1) For f € Ly(S,, x**'d,x) and € S, we have

1

/1. (79

(2) If & is the q-cosine Fourier transform [ 8], then

Fa=F ° Yugs (80)
F=F o aily 81)

(3) For f, ge Dy, we have
Fr ol ([ X &) =7 [ (f) 7 (8); (82)
Fof(T2)D) = 1u(Ax, ¢°) Z ,(f)A),  AE€S,. (83)

(4) For f e D, we have
/12

g g [)(A) = Pt F g (F)A). (84)

7. APPLICATIONS

We conclude this work by giving two applications of the ¢g-Bessel Fourier
transform. We begin by recalling the two g-analogue of the exponential
function.

2\n
(1_ ) qn(n l)x

E(x;¢*)=(—(1—¢") x;¢*) = Z xeR (85

2o (4% 47,

P S ()
“xq) ((1-¢%) x5 ¢%) ngo @, (86)
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For the convergence of the last series we need |x| < 1/(1—g?); however,
because of its product representation e(x; g2) has an analytic continuation
to C\{q*/(1—¢?), k e N}. They satisfy e(x; g*) E(—x; ¢*) = 1.

7.1. g-Weber Integral

The classical Weber integral [24] can be rewritten as

_2T(@+]) 2

@ 2a+1 2
fO .]oc(bx)x dx = (2 2)a+1 dx

where j, is the Bessel function (1), a >0, b >0, and a > —1. The previous

relation is the Bessel Fourier transform of e=**". To look for its g-analogue
we first evaluate by the Ramanujan identity [ 13] the g-integral

2n+2zx+1 2a+4.

d — —(n2+n+2nzx) q > q )
Af A= 5, 1 (I—g)""

where 4, = [¢ (x**'/(—(1—¢%) x* ¢%),,) d,x, which is estimated by the
same identity (see [8]).

ProrosiTION 8. Fora, e S,, we have

ifw e(—a*x% ¢%) j,(Ax; %) x*+'d x = ! e g A% q ).
A“ 0 o q a2zx+2

a*(1-gq)?
@87)
The last equality is the g-Weber integral.
7.2. g-Heat Bessel Polynomials
We consider the two g-parabolic problem
A, u(x; t) = Dp u(x; g7*t) (88)
A, u(x; t) = Dp u(x; 1) 89)
We add to these g-equations the following conditions
u(—x; t) =u(x; t) (90)
w(0;0) = f(x),  feLy(S, x*"dx). 91)

Du(x; Dz, 0= 0.0)- 92)
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The relations (88) and (89) are the g-analogue of the classical Bessel heat
equation [9, 11, 13]. In many fields an important role is played by the
g-solution source also called the g-heat Bessel kernel which can be
constructed as follows.

Putting

U4 1) = Z(u(.; 1)(4)

then (87) and (90) become respectively

2

A
Dq,tU(ia t) = _W U(}" t)

and
U(4,0) = Z,(f)(A).
The resolution of this last g-differential equation leads to
U 1) =e(=2’q77"; ¢°)

We define the g-solution source by

Z(G(, t;4°) = (=277 "'t; ¢*)
and by Proposition 8 we have

— x2 )
‘ (‘m; ! >

G(x’ t; ‘12) = A“(l‘)(l +q)2a+2 (qt):x+1’ (93)

The solution of the ¢g-Bessel heat equation is
u(x; 1) = f %, G(., ; ¢*)(x).
When q tends to 1~ the function G(x, ¢; ¢*) tends to the heat Bessel kernel
[1"11"](; define the g-heat Bessel polynomials, we observe that
A= E(=2q7*7't; ¢°) ju(Ax; ¢°)
is analytic, so we deduce from (35) and (85) the expansion

0 ) 1_ 2n
E(—2q77't;¢%) j,(Ox; 47 = ), (=1)"q" (124

n=0 (% q)Zn

U o (X, 15, g%) A"
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with

(@ Dw « (1 _q2)k Kk 2
v, (%, 15 ¢°) = r by_io(x59%), %4
’ 1 (1—g)* kgo (q% 9 1 o 1

where b,_, , is given by (37).

The quantities v, , will be called the g-Bessel heat polynomials. The
g-Laguerre polynomials L® were studied by Moak [18] and they are
related to the v, , as

(@ Don (1+Y' ey 0 [ —X0
vn,zx(x’ t; q2)=(q2a+2.2qZ) l_q q @ +1)L£l) (1+q)2t ;qz -

The classical properties of the Bessel heat polynomials and representation
theory associated with them can be extended to the v, , and that will be the
subject of a coming work.
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